Abstract. The aim of this paper is twofold. First, we study the asymptotics of the Néron height pairing between degree-zero divisors on a family of degenerating compact Riemann surfaces parametrized by an algebraic curve. We show that if the monodromy is unipotent the leading term of the asymptotic formula is controlled by the local non-archimedean Néron height pairing on the generic fiber of the family. Second, we prove a conjecture of R. Hain to the effect that the 'height jumping divisor' related to the normal function (2g − 2)x − K on the moduli space M g,1 of 1-pointed curves of genus g ≥ 2 is effective. Both results follow from a study of the degeneration of the canonical metric on the Poincaré bundle on a family of principally polarized abelian varieties.
Introduction
The Néron height pairing is a canonical real-valued pairing between divisors D, E of degree zero and with disjoint support on a compact Riemann surface. The pairing can be defined by taking a real Green's function g D for D, harmonic outside the support of D, and evaluating g D on E. The Néron pairing g D [E] is symmetric and bi-additive, and plays a prominent role in the arithmetic geometry of curves over number fields where it serves as an archimedean contribution to the global canonical height pairing between points on the jacobian [13] . It is a special case of Arakelov's pairing [1] between divisors of arbitrary degree on a compact Riemann surface.
In this paper we study the behavior of the Néron height pairing between generically disjoint families of degree zero divisors on a family X → S of compact Riemann surfaces, where the base manifold S is a complex algebraic curve. Write p for a point on S, and let S be a smooth compactification of S. When the point p tends to a boundary point s of S in S, so that the fibers of the family X → S may degenerate, the function p → g Dp [E p ] on S typically acquires a singularity. One would like to investigate the shape of this singularity as p tends to s.
Let t be a local parameter around s on S, and assume that the local monodromy of the family X → S around the point s is unipotent. Then general Hodge theoretic results of R. Hain [15] and D. Lear [19] from the early 1990s and of G. Pearlstein [23] from 2005 imply that the singularity of the function g Dp [E p ] as p → s is of a very simple type, namely g Dp [E p ] ∼ e log |t(p)| for some rational number e. Here the notation ∼ means that the difference between both terms extends as a bounded continuous function over a small open disc in S containing s. The number e can be expressed in terms of the local monodromy and the weight filtration on a canonical variation of mixed Hodge structure V p on S associated to the pair of divisors D, E (cf. [23, Theorem 5.19 
]).
A first aim of this paper is to make these general results somewhat more explicit in the special case of families of curves. Note that the results of Hain, Lear and Pearlstein referred to above are set up in a much broader context, where the proper flat family X → S possibly has higher dimensional fibers, and the object of study is the asymptotic behavior of the archimedean height pairing [4] [7] [12] [15] associated to two flat families of cycles over S, homologically trivial in each fiber. Restricting to families of curves gives us access to more specialized tools, such as Deligne pairing and determinant of cohomology [10] , the existence of a flat family of positive definite hermitian forms on the associated family of jacobian varieties, and the algebraic theory of Néron models [6] .
Still assuming that the local monodromy of the family X → S around the point s is unipotent, Theorem 2.1 of the present paper interprets the number e in terms of the intersection behavior of (extensions of) the divisors D, E on a smooth compactification X of the complex surface X. More precisely, the coefficient e turns out to be equal to a variant D, E a,s of the local intersection multiplicity of D, E at s, taking into account the fact that although D, E are generically of degree zero, they may fail to be of degree zero on each component of the special fiber of X above s.
More precisely, the rational number D, E a,s equals the local non-archimedean Néron pairing, with respect to the discrete valuation on the function field of S associated to s, of the restrictions of D, E to the generic fiber of X → S, as defined in [13] and [27] . Our asymptotic formula thus shows a remarkable compatibility between the archimedean and non-archimedean Néron height pairings. In the special case where the special fiber of X at s has just one node, our formula is implied by [26, Theorems 6.10 and 7.2] , where asymptotics are derived for Arakelov's pairing (on divisors which are not necessarily of degree zero).
Let Y be a complex manifold and consider a polarized variation of Hodge structure U of weight −1 over Y . Let J (U) → Y be the associated family of intermediate jacobians, and assume that a normal function section ν : Y → J (U) of J (U) → Y is given. The second part of this paper deals with a canonical extension of a certain metrized line bundle on Y associated to these data over a compactification Y of Y . As it turns out [18] , the formation of this so-called 'Lear extension' (for which the basic source is Lear's PhD thesis [19] ) is not usually compatible with pullback along morphisms T → Y . When T is a curve, with smooth compactification T , the 'difference' that occurs can be viewed as a divisor supported on the boundary T \ T of T , called the height jumping divisor.
The phenomenon of height jumping is analyzed in detail in [8] , [18] and [23] . In [18] Hain conjectures that for a collection of examples where Y is a moduli orbifold of smooth pointed curves, the height jumping divisor with respect to morphisms T → Y where T is a curve should always be effective. As is explained in [18] , the effectivity of the height jumping divisor in these examples has interesting ramifications for finding refined slope inequalities on moduli spaces of curves.
Theorem 2.4 below implies that the height jumping divisor is indeed effective for the case (mentioned by Hain) where Y is the moduli orbifold M g,1 of 1-pointed curves of genus g ≥ 2, the variation of Hodge structure U is the tautological one, and the normal function ν is the section of the universal jacobian J (U) over M g, 1 given by sending a point [C, x] of M g,1 to the class of the degree-zero divisor (2g − 2)x − K C . Here K C is a canonical divisor on C.
For the proof we will use our asymptotic analysis of the Néron height pairing, or rather its more intrinsic version Theorem 2.2, which describes how the Deligne pairing D, E of two degree-zero divisors D, E on S can be extended (up to taking a tensor power) over the smooth compactification S as a continuously metrized line bundle. Another significant part of the proof deals with an analysis of the Green's functions induced by D, E on the semistable reduction graphs associated to the degenerate fibers of X over S. The non-archimedean pairing D, E a,s can be conveniently expressed in terms of these Green's functions.
Statement of the main results
We now turn to a more precise formulation of our main results. Let S denote a smooth connected curve over the complex numbers C and let π : X → S be a smooth proper morphism with connected one-dimensional fibers. Let D, E be divisors on X of relative degree zero. For general p ∈ S the restrictions D p , E p of D, E to the fiber X p of π above p are divisors on X p , and for such p we consider a real Green's current g Dp on the compact Riemann surface X p associated to the divisor D p . This g Dp is a generalized function on X p , solving the equation
∂∂g Dp + πiδ Dp = 0 .
Note that this equation determines each g Dp up to an additive real constant. For our purposes the choice of this constant will not matter.
Assume that E p has support disjoint from the support of D p . We will write g Dp [E p ] as a shorthand for i a i g Dp (q i ), where E p = i a i q i . The real number g Dp [E p ] is the Néron height pairing between D p and E p . We will be interested in the asymptotic behavior of the function g Dp [E p ] as p approaches the boundary of S in the complex topology. Let S denote a smooth compactification of S, and let X → S be a proper flat morphism extending X → S. We will always make the following assumptions: (a) the surface X is smooth over C, and (b) each fiber of X → S is reduced, and has only ordinary double points as singularities. Assumption (b) may equivalently be phrased as saying that the monodromy around each of the points in the boundary of S in S is unipotent.
From now on, let D, E be two divisors of relative degree zero on X. Let s be a closed point in S. By general properties of the intersection pairing on the special fibers of X → S, see e.g. [20, Theorem 9.1.23] , there exists a unique -up to adding Q-multiples of fibers -vertical Q-divisor φ(D) on X such that D + φ(D) has zero intersection product with all vertical divisors of X. Let , s denote the local intersection pairing on X over s. The local Néron height pairing of D, E relative to s is then defined to be the rational number
It is straightforward to see that the local Néron height pairing relative to s is symmetric and bi-additive and depends only on the restrictions of D, E to the generic fiber of X → S. The pairing coincides with S. Zhang's admissible pairing [27] restricted to degree zero divisors. Theorem 2.1. Assume that the supports of D, E are generically disjoint. Let t be a uniformiser on S at s. Then the asymptotic relation
holds as p → s in the complex topology on S. Here the notation ∼ means that the difference between left and right hand side extends as a bounded continuous function over a small open disc in S centered at s.
Our approach to proving Theorem 2.1 will be to use the Deligne pairing D, E between the divisors D, E on S, to be discussed in Section 4 below. This is a C ∞ -hermitian line bundle on S. We will derive Theorem 2.1 from the following, more intrinsic result. Theorem 2.2. Let D, E be Deligne's pairing on S associated to the restrictions of D, E to X. Let m, n be positive integers such that mφ(D) = φ(mD) and nφ(E) = φ(nE) are divisors with integral coefficients on X. Then the C ∞ -hermitian line bundle D, E ⊗mn = mD, nE has a unique extension as a continuous hermitian line bundle over S. The underlying line bundle of this extension is the Deligne pairing mD + φ(mD), nE + φ(nE) on S associated to the divisors mD + φ(mD) and nE + φ(nE) on X.
As an application of this result, we prove a special case of a conjecture concerning 'height jumping' formulated recently [18, Section 14] by R. Hain. Let U denote a variation of polarized Hodge structure of weight −1 over a smooth connected complex quasi-projective variety Y . Let J (U) → Y denote the corresponding intermediate jacobian fibration over Y . Denote byǓ the variation of Hodge structure dual to U. Then as explained in e.g. [15, Section 3] or [18, Section 6 ] the torus fibration J (U) × Y J (Ǔ) over Y carries a natural Poincaré (biextension) line bundle B, which comes equipped with a canonical C ∞ -hermitian metric. This metric has, among others, the following properties: its first Chern form is translation-invariant in all fibers of J (U) × Y J (Ǔ) over Y , and its pullback along the zero-section is trivial.
The polarization of U gives rise to an isogeny λ : J (U) → J (Ǔ) over Y ; we denote byB λ the pullback of the line bundle B along the map J (U) → J (U) × Y J (Ǔ) over Y given by (id, λ). Note that by pullbackB λ becomes equipped with a canonical C ∞ -hermitian metric. Let ν : Y → J (U) be a normal function section, and consider the C ∞ -hermitian line bundle L = ν * B λ on Y . A natural question is whether L, or at least some tensor power of L, can be extended as a continuous hermitian line bundle over a compactification of Y . A positive answer to this question has been given by D. Lear [19] , see [18, Corollary 6.2] for the formulation below. For the sake of exposition we will usually assume that L itself extends (otherwise replace L by a high enough tensor power), and we will denote the resulting 'Lear extension' over Y by L Y . Now let S denote a smooth connected complex algebraic curve, and let f : S → Y be a morphism. The data J (U),B λ , ν and hence L pull back to S along f . Let S denote a smooth compactification of S, and let f : S → Y extend f .
As R. Hain notes in [18, Section 14] , perhaps surprisingly the formation of the Lear extension is not always compatible with pullback along f . More precisely, let f * L Y be the pullback of the Lear extension of L over Y along f , and let (f
is canonically trivial over S, and hence can be written, up to isomorphism, as O S (J) for a canonical divisor J -called the jumping divisor -on S supported on the boundary divisor S \ S. Note that by the uniqueness of the Lear extension the height jumping divisor is trivial over f * (Y \ ∆ sing ). Thus, any non-trivial height jumping is 'caused' by the singularities of the boundary divisor in Y .
Let M g,n denote the moduli orbifold of smooth proper connected n-pointed complex curves of genus g ≥ 1. Let U be the natural polarised variation of Hodge structure on M g,n whose fiber at [C, (x 1 , . . . , x n )] is H 1 (C, Z). Note that J (U) is then the pullback to M g,n of the universal jacobian over M g . In [18, Section 14] Hain conjectures that the height jumping divisor should be effective in the following two cases:
, and the normal function on M g,1 is the function K :
, and the normal function on M g is the normal function ν :
Our next result implies Hain's conjecture for case (a). Let d = (d 1 , . . . , d n ) be an n-tuple of integers and m be an integer such that
Theorem 2.4. Let g ≥ 2, n ≥ 1 be integers. Let S denote a smooth connected complex curve with smooth compactification S. Let f : S → M g,n be a morphism, and assume that the restriction f of f to S has image contained in M g,n . Then the height jumping divisor on S with respect to f : S → M g,n and the normal function F d , is effective.
Our proof uses Theorem 2.2 as well as an interpretation of the non-archimedean Néron height pairing in terms of Green's functions and effective resistance on the reduction graph Γ of a semistable curve. The fact that the Green's function on the set of divisors of degree zero on Γ is positive definite (see Proposition 7.3 below) will be tantamount to the required effectivity of the height jumping divisor.
We note that a result of Hain [16, Theorem 12.3] implies that for g ≥ 3 and n ≥ 1, each normal function section of J (U) → M g,n is of the form F d for suitable (d 1 , . . . , d n ) and m.
The organisation of this paper is as follows. In Sections 3 and 4 we state some preliminaries regarding Poincaré line bundles on families of principally polarized abelian varieties, and Deligne pairings. In Section 5 we prove Theorem 2.2, and Theorem 2.1 is derived from Theorem 2.2 in Section 6. Section 7 discusses the connection between the local non-archimedean Néron height pairing and the Green's function on the reduction graph. In Section 8 we then prove Theorem 2.4. Finally, as a by-product of our method, we present in Section 9 an alternative derivation of Hain's expression [18, Theorem 11.5] for the Lear extension of L = F * dB λ from M g,n over M g,n .
Poincaré line bundle
The purpose of this section is to describe the canonical C ∞ -hermitian metric on the Poincaré line bundle on a family of principally polarized abelian varieties. Referring to L. Moret-Bailly's article [21] , we next make a connection with the canonical metric on the determinant of cohomology, in the case where the family is a family of jacobians over a curve.
Let Y be a connected complex manifold and let π : T → Y be a family of complex tori over Y . LetT → Y be the torus fibration dual to T → Y , and let B be the Poincaré bundle on the fiber product T × YT . Note that B carries a canonical rigidification along the zero sections. A general construction described in [15, Section 3.2] (see also [17, Section 7] ) yields the following result. We would like to make the canonical metric explicit in the case where the family T → Y is a family of principally polarized abelian varieties. It will suffice to consider the case where Y = A g , the moduli orbifold of principally polarized abelian varieties, and T → Y is the universal family. In fact we will work with Y = H g , the Siegel upper half space of degree g, with T → Y the universal abelian variety of dimension g, and show that the resulting expression for the canonical metric is Sp(2g, Z)-invariant. We view H g as the set of complex symmetric g-by-g matrices with positive definite imaginary part. Then T can be written as the quotient
Let Θ be the divisor on T given by the standard Riemann theta function
It can be verified that the expression on the right is invariant under the action of (Z g × Z g ) ⋊ Sp(2g, Z). The restriction of O(Θ) to a fiber of T → H g is a symmetric ample line bundle that yields the canonical principal polarization of that fiber. The principal polarization induces an isomorphism λ : T →T ; we write B λ for the pullback line bundle (id, λ) * B on T × Y T . By pulling back the metric on B along (id, λ) the line bundle B λ becomes equipped with a canonical C ∞ -hermitian metric · B λ . This metric can be made explicit in the following way. First, the analytic manifold H g carries a natural non-trivial (1, 1)-form κ, the Kähler form of the canonical Sp(2g, R)-invariant metric induced by the structure of H g as the locally symmetric variety Sp(2g, R)/U (g). From [24, Chapter III] we deduce that κ is given by
which is Z g × Z g -invariant and hence descends to a (1, 1)-form on T . One has that µ is translation-invariant in each fiber, and µ vanishes along the zero section e : Y → T . A computation yields that
In particular, the first Chern form of (O(Θ), · ) is translation-invariant in each fiber of T → H g . Let m : T × Y T → T be the addition morphism, and p 1 , p 2 : T × Y T → T the projections on the first and second factor, respectively. Denote by Λ(Θ) the line bundle
We note that Λ(Θ) has a canonical rigidification along the zero section (e, e) : Y → T × Y T . Also we note that Λ(Θ) has a natural C ∞ -hermitian metric induced from (O(Θ), · ). It follows directly from the properties mentioned above that the first Chern form of Λ(Θ) with its natural metric is translation-invariant in each fiber, and that the canonical rigidification of Λ(Θ) along (e, e) is an isometry. , and this gives us, for points x, y ∈ T t , canonical identifications of fibers
which proves the proposition.
By pullback along ψ one thus obtains a C ∞ -hermitian metric on the line bundle B λ which has translation-invariant first Chern form in each fiber, and for which the canonical rigidification along the zero section is an isometry. As these two properties uniquely characterize a C ∞ -hermitian metric on B λ on T × Y T by [17, Corollary 5.4] , we obtain that the metric thus constructed is in fact the canonical metric.
One immediately derives from (3.2) the following explicit formula.
Proposition 3.3. Denote by η the meromorphic section
Then the canonical norm of η is given by
Assume for the moment that Y is a connected Riemann surface, and let Y be the smooth compactification of Y . Let T → Y be the identity component of the Néron model of T → Y . 
Let (L, M) be a pair of line bundles of relative degree zero on Z → Y . They naturally give rise to a normal function section ν : Y → J × Y J by computing fiberwise the classes of L resp. M in the jacobian. Next, for any line bundle L of relative degree zero on Y , we denote by det R p * (L) the determinant of cohomology [10] of L along p. This is a line bundle on Y .
is canonically equipped with a C ∞ -hermitian metric. Further, there exists a canonical isomorphism of line bundles
on Y which is an isometry for the canonical metrics on left and right hand side.
Proof. Let X be a compact Riemann surface of positive genus g. [21, Théorème 4.13 and Remarque 4.13.1(b)] imply the existence, for each line bundle L of degree zero on X equipped with a hermitian metric · with vanishing first Chern form, of a canonical metric on the tensor product of determinants of cohomology
It follows that for flat hermitian line bundles L, M, the tensor product of determinants of cohomology
is equipped with a canonical hermitian metric independent of the flat metrics chosen on L, M. Let B λ on J ×J be the pullback along (id, λ) of the Poincaré bundle on J × J where J is the jacobian of X, and λ : J ∼ − →J the canonical principal polarisation. Then [21, Corollaire 4.14.1] asserts that there exists a canonical isomorphism
of C-vector spaces which is an isometry for the canonical metrics on left and right hand side. Letting X vary in the family Z → Y we obtain the isometry from the proposition. As the metric on the left hand side varies in a C ∞ way, so does the canonical metric on the right hand side. 
of line bundles on Y extending the isomorphism from Proposition 3.5 on Y .
Proof. See [21, Corollaire 2.8.5].
Deligne pairing
In this section we recall Deligne's pairing and its connection with the Poincaré line bundle. References for this section are [2, Section XIII.5] and [10, Section 6] . Let Y be a smooth connected complex algebraic variety and let p : Z → Y be a smooth proper morphism with connected fibers of dimension one. Let L, M be two line bundles on Z. Then to these data one has canonically associated a line bundle L, M on Y , as follows: local generators are symbols l, m , where l, m are local generating sections of L, M. The relations to be satisfied are
for all local regular functions f . We call L, M the Deligne pairing of L, M. It is straightforward to verify that for line bundles
Moreover, the formation of the Deligne pairing commutes with arbitrary base change. Now assume L, M are equipped with C ∞ -hermitian metrics. Then we can put a natural hermitian structure · on L, M by requiring (cf. [10, Section 6.3 
for local generating sections l resp. m with disjoint supports, where the ∂∂ is taken in the sense of distributions. It turns out that · is a C ∞ -hermitian metric on L, M , and each of the above canonical isomorphisms is isometric.
We are in particular interested in the case
We can put a natural C ∞ -hermitian structure on O Z (D) and O Z (E) as follows. Let g be the genus of the fibers of p : Z → Y . Let F be the vector bundle
Note first of all that the flat intersection form on the local system R 1 p * Z Z (1) of weight −1 extends to a flat non-degenerate R-bilinear alternating pairing E on the dual bundle F ∨ . Let H : (v, w) → E(iv, w) + iE(v, w) be the corresponding hermitian form; then H is well known to be positive definite.
Let H * be the induced hermitian form on F (given by
Let (ω 1 , . . . , ω g ) be a local holomorphic frame of F , and let B be the matrix of H * with respect to this frame. We then have a canonical (1, 1)-form µ on Z by putting locally ∞ -hermitian structure, given by putting log 1 D (q) = g Dp (q) for q ∈ Z p outside the support of D p , and likewise log 1 E (q) = g Ep (q) for q ∈ Z p outside the support of E p .
The resulting hermitian structure on D, E can be characterised as follows. Assume D, E have generically disjoint support. Let V be a non-empty open subset of Y such that D p , E p are divisors with disjoint support on X p for each p ∈ V . Then the restriction of 1 D , 1 E to V is a generating section of D, E over V . By equations (2.1) and (4.2), the metric (4.1) on D, E is just given by the formula
for p ∈ V . That is, we have a natural interpretation of the archimedean Néron height pairing as the log norm of a canonical section in a suitable Deligne pairing on Y .
As in Section 3 let det R p * (L) denote the determinant of cohomology of a line bundle L on Z along p. Recall from Proposition 3.5 that the tensor product
is equipped with a canonical C ∞ -hermitian metric. The metrized version of the Riemann-Roch theorem proven in [10, Théorème 11.4] 
on Y . This isomorphism becomes an isometry upon equipping left and right hand side with their canonical metrics. Proof. According to [2, Theorem XIII.5.8] we have a canonical isomorphism
of line bundles on Y extending the isomorphism (4.4) on Y . The proposition follows by applying Proposition 3.6.
Proof of Theorem 2.2
Let Y be a smooth connected complex curve, and Y its smooth compactification. Let (T →
Recall that B λ is endowed with a canonical C ∞ -hermitian metric, which is made explicit in Proposition 3.3, and the rigidification of B λ along the zero section is an isometry for the standard euclidean metric on O Y .
We will derive Theorem 2.2 from the following general result. The result is a special case of [19, Proposition 6.1], which unfortunately has not been published. Proof. The question is local for the analytic topology on Y so we may replace Y by the punctured unit disk ∆ * and Y by the unit disk ∆. Let H be the Siegel upper half plane and let H → ∆ * , v → t = exp(2πiv) denote the universal cover of ∆ * . Write g for the relative dimension of the family T → ∆ * . Let H g denote the Siegel upper half space of degree g. As the monodromy around the origin is unipotent by assumption, we may assume that the period map j : H → H g associated to the family T → ∆ * satisfies the condition j(v + 1) = j(v) + A for some integral symmetric matrix A. According to [22, Lemma 2.3] , as a multi-valued map on ∆ * the period map j can in fact be written as
for some bounded holomorphic matrix B : ∆ → M g,g (C) over ∆. Here, the matrix A is integral, symmetric and positive semi-definite. Let U → H g be the universal abelian variety. The multi-valued map j induces a single-valued mapj : ∆ * → A \ H g and the family T → ∆ * can be obtained from the family A \ U → A \ H g by base change alongj. After replacing ∆ * by a finite cover ∆ * → ∆ * we may assume that the matrix A is even. The expression for Riemann's theta function given in (3.1) is then invariant under the monodromy action τ → τ + A.
In particular, the divisor Θ and line bundle O(Θ) descend to a divisor and line bundle on A \ U, which we continue to denote by the same symbols. The natural projection C g × H g → A \ U pulls back alongj to a projection C g × ∆ * → T . By applying j * to the expression in (3.1), we obtain a pullback theta function j * θ on C g × ∆ * as well as a pullback divisor j * Θ and a pullback line bundle j * O(Θ) on T . Similarly, the C ∞ -hermitian line bundle Λ(Θ) defined in Section 3 pulls back to a C ∞ -hermitian line bundle j * Λ(Θ) on T × ∆ * T . The line bundle j * Λ(Θ) is rigidified along the zero section, and the rigidification is an isometry. By Proposition 3.2 we have an isometry B λ ∼ − → j * Λ(Θ). Applying (5.1) we obtain the series expansion
t nAn exp(πi t nB(t)n + 2πi t nz)
for the pullback theta function on C g ×∆ * . As A is positive semi-definite, each summand in this expansion is holomorphic. Let M be a real number. After shrinking ∆ if necessary we can find c 1 , c 2 > 0 such that |t 1 2 t nAn exp(πi t nB(t)n + 2πi t nz)| < c 1 exp(−c 2 n 2 ∞ ) for each n ∈ Z g , each t ∈ ∆ and each z ∈ C g with z ∞ ≤ M . It follows that the series in (5.2) converges absolutely and uniformly on compact subsets of C g × ∆, and consequently j * θ extends as a holomorphic function on C g × ∆. Note that the uniformization C g × ∆ * → T extends into a uniformization C g × ∆ → T . Write Θ for the divisor induced by j * θ on T , and O(Θ) for the associated line bundle over T . Let m : T × ∆ T → T be the group law of the semi-abelian family T → ∆, let p 1 , p 2 : T × ∆ T → T be the projections on the first resp. second factor, and let e be the zero section of T → ∆. Put
on T × ∆ T . Then the line bundle Λ is canonically rigidified along the zero section, and hence there is a natural isomorphism of holomorphic line bundles B λ ∼ − → Λ extending the isometry B λ ∼ − → j * Λ(Θ). We will be done once we prove that the metric on j * Λ(Θ) extends in a continuous manner over Λ. Denote by η the meromorphic section m * θ ⊗ p * 1 θ ⊗−1 ⊗ p * 2 θ ⊗−1 ⊗ e * θ of Λ. Put t 0 = 0. Let s be a local generating section of Λ around a point (z 0 , w 0 ; t 0 ) ∈ T × ∆ T . Then there is a meromorphic function f on T × ∆ T such that the identities s(z, w; t) = f (z, w; t)η(z, w; t) = f (z, w; t) θ(z + w; j(t))θ(0; j(t)) θ(z; j(t))θ(w; j(t))
hold locally around (z 0 , w 0 ; t 0 ). By Proposition 3.3 we find s (z, w; t) = |f |(z, w; t) η (z, w; t) = f (z, w; t) θ(z + w; j(t))θ(0; j(t)) θ(z; j(t))θ(w; j(t)) exp(−2π t (Im z)(Im j(t)) −1 (Im w))
for t ∈ ∆ * . We will be done once we prove that the function s (z, w; t) extends as a non-vanishing continuous function over t 0 = 0. First of all, as s is generating we find that the factor f (z, w; t) θ(z + w; j(t))θ(0; j(t)) θ(z; j(t))θ(w; j(t)) extends in a non-vanishing continuous manner over t 0 = 0. It remains to consider the exponential factor exp(−2π t (Im z)(Im j(t)) −1 (Im w)) .
It suffices to prove that the function (Im j(t)) −1 extends continuously over ∆. Write u(t) = − for t ∈ ∆ * . As A is integral, symmetric and positive semi-definite there exists an orthogonal matrix C such that CAC −1 has the shape
with λ 1 , . . . , λ n the positive eigenvalues of A. Write
and hence it suffices to prove that the inverse of the positive definite matrix
extends continuously over ∆. Note that each Q i (t) is a bounded continuous matrix on ∆. Moreover, by [9, Section 4.4.4], the matrix Q 1 (0) can be viewed as a period matrix of the abelian variety part of the semiabelian variety T 0 and hence is positive definite. Write λ = λ 1 · · · λ n ∈ R >0 . We see that det R(t) is a polynomial of degree n in u(t) with bounded continuous coefficients and with leading coefficient λ · det Q 1 (t) which stays away from zero as t → 0. Further, each cofactor of R(t) is a polynomial of degree ≤ n in u(t) with bounded continuous coefficients. Let γ(t) be such a cofactor and write
with m ≤ n, with a i (t), b j (t) bounded continuous functions and b n (t) = λ·det Q 1 (t). Then the entries of R(t) −1 have the shape
Now note that u(t) −1 extends continuously over ∆ with value 0 at t = 0. Also recall that b n (t) is continuous and does not vanish at t = 0. We deduce that each entry of R(t) −1 extends continuously over ∆, and we are done.
Remark 5.1. The shape of the exponential factor ∼ exp(−c(log |t|) −1 ) indicates that in general, the canonical metric on B λ does not extend in a C ∞ manner over B λ .
Proof of Theorem 2.2. Let J → S be the identity component of the Néron model of the jacobian family J → S of X → S over S. We have the Poincaré bundle B λ over J × S J and its canonical extension B λ over J × S J characterized by the property that the rigidification along the zero section of B λ extends over B λ . We have J , upon identifying J with Pic 0 (X/S). As the family X → S is semistable, we find that the monodromy of J → S around each boundary point is unipotent. Applying Theorem 5.1 we obtain that B λ can be endowed with a continuous hermitian metric extending the canonical metric on B λ . By specializing we find that (μ 1 ,μ 2 ) * B λ can be endowed with a continuous hermitian metric extending the pullback metric on (µ 1 , µ 2 ) * B λ . By Proposition 4.2 we have a canonical isometry
of C ∞ -hermitian line bundles on S. By Proposition 4.3 we have a canonical isomorphism
of line bundles on S extending the isomorphism (5.3). Combining these observations the theorem follows.
Proof of Theorem 2.1
In this section we give a proof of Theorem 2.1. We deduce the result from the following elementary lemma, whose proof is left to the reader. Lemma 6.1. Let L be a holomorphic line bundle on ∆ * equipped with a continuous hermitian metric · L . Let L be an extension of L over ∆, and assume that the metric · L extends in a continuous fashion over L. Let s be a generating section of L over ∆ * , and view s as a meromorphic section of L. Let a be its multiplicity at 0. Then the asymptotic relation log s L (p) ∼ a log |t(p)| holds as p → 0 on ∆ * .
The proof of Theorem 2.1 follows essentially by observing that the Green's functions g Dp [E p ] define the canonical metric on D, E .
Proof of Theorem 2.1. By Theorem 2.2 the line bundle mD +φ(mD), nE +φ(nE) on S carries a continuous hermitian metric that extends the canonical hermitian metric · on mD, nE over S. Let V ⊂ S be an open neighborhood of s, such that the supports of D, E are disjoint over V ∩ S. Then over V ∩ S, the canonical meromorphic section 1 mD , 1 nE of mD, nE is generating. By equation (4.3) we have for the canonical metric · on mD, nE that log 1 mD , 1 nE (p) = g mDp [nE p ] for each p in V . By Lemma 6.1 we are done once we prove that when we view 1 mD , 1 nE as a meromorphic section of mD + φ(mD), nE + φ(nE) we have ord s 1 mD , 1 nE = mD, nE a,s . Note that the canonical meromorphic section 1 mD+φ(mD) , 1 nE+φ(nE) of mD + φ(mD), nE + φ(nE) extends the canonical meromorphic section 1 mD , 1 nE of mD, nE over S. This gives ord s 1 mD , 1 nE = ord s 1 mD+φ(mD) , 1 nE+φ(nE) = mD + φ(mD), nE + φ(nE) s = mD, nE a,s , and we are done.
Néron pairing and Green's function on the reduction graph
The purpose of this section is to relate the pairing D, E a,s to the Green's function on the reduction graph of the fiber F of X at s. The material in this section is probably well known, and certainly implicit in [27] , but we have chosen to include proofs for results for which we do not know a suitable reference.
Let Γ be a finite connected graph. Let T 0 be the set of vertices and T 1 the set of edges of Γ. Choose an orientation on Γ. This gives rise to the usual source and target maps s, t :
be the boundary and coboundary maps. The Laplacian L of Γ is defined to be the standard matrix of the composite
The matrix L is symmetric, and independent of the choice of orientation. We call the elements of Q T0 divisors on Γ. For a divisor D = C a C C we call C a C ∈ Q the degree of D.
As Γ is connected, the kernel of L consists of the constant functions, and the image of L is the orthogonal complement of the constant functions, i.e. the set of divisors of degree zero. Let L + be the Moore-Penrose pseudo-inverse of L, i.e. the unique symmetric matrix of the same size as L satisfying the two conditions
We view L + as a bilinear pairing on the set Q T0 of divisors. We call the Green's function on Γ the function g Γ : T 0 × T 0 → Q which associates to a pair of vertices (C, C ′ ) of Γ the rational number L + (δ C , δ C ′ ). The following connection with electric network theory is useful. Thinking of each edge of Γ as a resistance of one unit, we may identify Γ with an electric circuit. Let I ∈ Q T0 denote a degree-zero function which we think of as an electric flow through the circuit Γ that has I(C) units of current entering the circuit at a vertex C, if I(C) > 0, and −I(C) units of current leaving the circuit at C, if I(C) < 0. We look for a function P ∈ Q T0 giving voltages that realize this flow. Such a function P is determined by the matrix equation LP = I, hence such a P exists, and is uniquely defined up to adding a constant function. A special solution is given by P = L + I. Indeed, we can write I = LI ′ for some I ′ ∈ Q T0 as I has degree zero, and then LL + I = LL + LI ′ = LI ′ = I. Next, for any two vertices C, C ′ of Γ one has the effective resistance r Γ (C, C ′ ) ∈ Q between C, C ′ , defined as follows. Consider an electric flow that sends one unit of electric current into vertex C and removes one unit of electric current from vertex C ′ . The effective resistance r Γ (C, C ′ ) between C, C ′ is then defined to be the potential difference between C and C ′ that is required to realize this flow. In terms of the above, let I ∈ Q T0 be the degree-zero divisor that has value +1 at C, −1 at C ′ , and 0 else. Let P = L + I. Then we have the useful relation (7.1)
between the Green's function, on the one hand, and the effective resistance on the other. By linearity we extend the effective resistance function as a bi-additive Q-valued pairing on Q T0 . More precisely, whenever D = i a i C i and E = j b j C j are divisors on Γ, we write r
holds.
Proof. It suffices by linearity to verify the case that
, and we are done.
Let q be a designated element of Q T0 . One then defines the canonical divisor of (Γ, q) to be the divisor K = C∈T0 (v(C) + 2q(C) − 2)C of Γ. Here v(C) denotes the valence of C. The genus of (Γ, q) is defined to be the integer g = 1 +
, where b(Γ) ∈ Z denotes the Betti number of Γ. We say that q is a polarisation, and (Γ, q) a polarised graph, if q is non-negative.
Next we view Γ as a connected topological space by identifying each edge with a closed interval. We call a subgraph Γ ′ of Γ a bridge if Γ ′ has precisely one edge e, and if upon removing the interior of e a non-connected space results. We call a subgraph Γ ′ of Γ a 2-connected component of Γ if for each point p on Γ ′ , the topological space Γ ′ \ {p} is connected. We can write Γ as a successive finite pointed sum of subgraphs Γ i such that each Γ i is either a bridge or a 2-connected component of Γ.
Assume we are given such a finite pointed sum, then for each i we have a natural projection map π i : Γ → Γ i . The pushforward π i * along π i of divisors is welldefined, and preserves degrees. In particular, if (Γ, q) is a polarised graph, we naturally obtain polarised graphs (Γ i , q i ) with canonical divisors K i . Each (Γ i , q i ) has the same genus as (Γ, q).
We have the following additivity property, which often proves useful in computations.
Proposition 7.2. Write Γ = i Γ i as the successive pointed sum of its bridges and 2-connected components. Let g Γi denote the Green's function on the subgraph Γ i . Assume D, E are divisors of degree zero on Γ.
Proof. By Proposition 7.1 it suffices to prove that r Γ (C,
′ of Γ. This can be deduced by induction on the number of bridges and 2-connected components Γ i from the following property, which follows easily from the interpretation of Γ as an electric circuit: let C, C ′ , C ′′ be vertices of Γ, let Γ ′ , Γ ′′ be subgraphs such that Γ is the pointed sum of
The following result will be crucial for Hain's conjecture.
Proposition 7.3. When viewed as a symmetric bilinear pairing on the set of divisors of degree zero on Γ, the Green's function g Γ is positive definite.
Proof. As Γ is connected, the Laplacian L is positive semi-definite with signature (0 + · · · +). Write L = U ΣU −1 with Σ a diagonal matrix. Then it is easily verified that L + = U Σ + U −1 , with Σ + the Moore-Penrose pseudo-inverse of Σ. Note that Σ + can be obtained from Σ by replacing each non-zero diagonal entry by its reciprocal. It follows that L + has the same signature as L. As the constant divisors are isotropic for L + , we find the required result.
Now consider a proper flat morphism X → S with connected fibers of dimension one as before, with S a smooth proper complex curve, and X regular. We continue to assume that the fibers of the morphism X → S are reduced and have only ordinary double points as singularities. Let s be a closed point of S, and write F for the fiber of X → S at s. The reduction graph Γ of F is then the finite graph given as follows: the set of vertices is the set of irreducible components of F , and an edge is drawn between two (possibly equal) vertices C 1 , C 2 for each time the components C 1 , C 2 intersect in a double point. The graph Γ is connected since F is connected. The Laplacian matrix of Γ is equal to minus the intersection matrix ( C i , C j s ) of F . Associating to each vertex C the arithmetic genus of C gives a polarisation q on Γ.
Using the local intersection pairing above s, if D, E are divisors on X we obtain divisors D = C D, C s C and E = C E, C s C on Γ, called the reductions of D, E on Γ, respectively. In particular, let R be the relative dualising sheaf of X → S, then by the adjunction formula the reduction of R on Γ is equal to the canonical divisor K associated to the polarisation q. Recall that φ(D) is any Qdivisor on X such that D + φ(D) has zero intersection product with all components of the fibers of X → S.
We have the following connection with the Green's function on Γ. 
as required.
Corollary 7.5. Assume both D, E are divisors of relative degree zero on X, and write D = C D, C s C and E = C E, C s C for their reductions on Γ. Then the equality
Proof. This follows from the previous proposition by observing that
where the latter equality holds because E + φ(E), φ(D) s = 0.
Assume finally that X → S is endowed with n disjoint sections x 1 , . . . , x n : S → X. Let I = {x 1 , x 2 , . . . , x n }. We have a natural map u : I → T 0 by associating to each x i ∈ I the unique irreducible component C of F such that x i intersects C non-trivially. Let e a bridge of Γ. Upon removing the interior of e we obtain two connected graphs Γ 1 , Γ 2 out of Γ, which we consider with their induced polarisations. Let h with 0 ≤ h ≤ g be the genus of Γ 1 ; by additivity we have that g − h is the genus of Γ 2 . Let P ⊆ I be a subset, and write P c = I \ P . We say that e is of type (P, h) if u(P ) is contained in the vertex set of Γ 1 , and u(P c ) is contained in the vertex set of Γ 2 . Note that a bridge of type (P, h) is also of type (P c , g − h).
Proof of Theorem 2.4
Let g ≥ 2, n ≥ 1 be integers, and let d = (d 1 , . . . , d n ), m be an n-tuple of integers resp. an integer such that i d i = (2g −2)m. Let Y = M g,n be the moduli space of smooth proper connected n-pointed complex curves of genus g, and let Y = M g,n denote its Deligne-Mumford compactification. Let Z → Y resp. Z → Y be the corresponding universal curves. We view each of Y , Z, Y , Z as orbifolds.
Note that Z → Y comes equipped with an n-tuple (x 1 , . . . , x n ) of sections, whose images [x i ] in Z can be viewed as divisors on Z. Let ω Z/Y be the relative dualising sheaf of Z → Y , and let R be a divisor on Z such that O Z (R) is isomorphic to ω Z/Y . We then define D to be the divisor
Let J g,n be the pullback of the universal jacobian over M g to Y . Let B be the Poincaré line bundle on the fiber product J g,n × YJg,n , whereJ g,n denotes the dual torus fibration. We are interested in the normal function section Now let S denote a smooth connected complex curve with smooth compactification S, and consider a morphism f : S → Y such that the restriction f of f to S has image contained in Y . Let (X → S, (x 1 , . . . , x n )) resp. (X → S, (x 1 , . . . , x n )) be families of pointed smooth resp. pointed semistable curves of genus g with classifying morphisms f resp. f . We will assume that X is smooth over C and extends X. By pullback along f we have a natural divisor D on X compatible with the one on Z defined above, as well as a Deligne pairing D, D on S compatible with the pullback along f of the Deligne pairing D, D on Y .
Write L for the C ∞ -hermitian line bundle F * dB λ on Y . Our aim is to compare the Lear extension of f * L from S over S with the pullback of the Lear extension of L from Y over Y . We start with the former. We always neglect the possibility that taking tensor powers is necessary. The Lear extension of L from Y over Y is calculated in [18, Theorem 11.5] . We present here an alternative approach. We start with recalling the structure of the boundary divisor ∆ of Y , see e.g. [18, Section 9] whose notation we adopt. Each irreducible component of ∆ has as generic point a stable n-pointed curve of genus g with precisely one node. This leads to the following boundary components:
• ∆ 0 : the generic point is an irreducible geometrically connected n-pointed stable curve with precisely one node; • ∆ P 0 , with P a subset of the set I = {x 1 , . . . , x n } of marked points with |P | ≥ 2: the generic point is a reducible stable curve with two geometrically connected components joined at a node, one of which has genus zero; the points in P lie on the genus zero component minus the node, and the points in P c = I \ P lie on the other (genus g) component minus the node; • ∆ P h , where 1 ≤ h ≤ g − 1 and P ⊆ I is a (possibly empty) subset of I: the generic point is a reducible stable curve with two geometrically connected components joined at a node, one of genus h, the other of genus g − h; the points in P lie on the genus h component minus the node, and the points in P c lie on the genus g − h component minus the node.
We denote by δ 0 , δ 
with no linear relations between the δ's. Consider a graph Γ consisting of two vertices C 1 , C 2 , connected by one edge of unit length. Let g Γ denote its Green's function. First, let P ⊆ I be a subset with |P | ≥ 2. Write
. Next, let P ⊆ I be an arbitrary subset and h an integer with 1 ≤ h ≤ g − 1. Then write
. A straightforward calculation (see also Section 9 below) shows that a(P, d) and a(P, h, d) are in fact integers. Note moreover that a(P, h, d) = a(P c , g − h, d).
Then the equality Proof of Theorem 2.4. As in the theorem let S denote a smooth connected complex curve with smooth compactification S, let f : S → Y be a morphism such that the restriction f of f to S has image contained in Y , and let X → S and X → S be families of smooth resp. semistable curves of genus g with classifying morphisms f resp. f . We assume that X is smooth over C and extends X.
Let J be the jumping divisor on S with respect to f : S → M g,n and F d , that is we have
Write J = j s s with j s ∈ Q; note that we have j s = 0 for each s ∈ S. Our aim is to prove that j s ≥ 0 for each s ∈ S. Fix a closed point s ∈ S. Let Γ be the reduction graph of the fiber of X → S at s, and let D be the reduction of D to Γ. Recall that Γ is naturally a polarised graph of genus g. Write a = g Γ (D, D). Let ℓ P 0 (for P ⊆ I with |P | ≥ 2) denote the number of edges of type (0, P ) in Γ, and let ℓ P h (for 1 ≤ h ≤ g −1 and P ⊆ I) denote the number of edges of type (h, P ) in Γ. The geometric meaning of these numbers is that the local multiplicity at s of f * (∆ Assume first of all that Γ i is a bridge. Then Γ i is an edge of Γ, of some type (0, P ) or (h, P ). Let C 1 , C 2 be the vertices of Γ i . Assume that the type is (0, P ), and that C 1 has genus zero. Then D i equals the divisor called D P 0 (d) above. We find that the equality g Γi (D i , D i ) = a(P, d) holds. Assume that the type is (h, P ), and that C 1 has genus h, then D i equals the divisor called D Recall that the number of bridges in Γ of type (0, P ) is ℓ P 0 , and the number of bridges in Γ of type (h, P ) is ℓ Remark 8.1. The proof of Theorem 2.4 above yields the additional information that there is no height jumping for morphisms S → M g,n such that the image is contained in M g,n \ ∆ sing 0 . For morphisms S → M g,n with image contained in M g,n \ ∆ 0 this can alternatively be deduced from the fact that the variation of polarised Hodge structure that gives rise to J g,n and the normal function sections F d extend naturally over M g,n \ ∆ 0 , the moduli space of stable curves of compact type, cf. [18, Section 5].
Explicit formula
It is straightforward to compute the numbers a(P, d) and a(P, h, d) and thus to write down the Lear extension of L from M g,n over M g,n explicitly. Applying Proposition 7. 
